We consider the family of polynomials P (x, a) = x n + a 1 x n−1 + . . . + a n , x, a i ∈ R, and the stratification of R n ∼ = {(a 1 , . . . , a n )|a i ∈ R} defined by the multiplicity vector of the real roots of P . We prove smoothness and contractibility of the strata and a transversality property of their tangent spaces.
For n ∈ N * fixed consider the family of polynomials P (x, a) = x n + a 1 x n−1 + . . . + a n , x, a i ∈ R. A multiplicity vector (MV) is a vector whose components are the multiplicities of the real roots of P (for a fixed) listed in increasing order. E.g. for n = 9 the MV [3, 1, 2, 1] means that for the real roots x i one has x 1 = x 2 = x 3 < x 4 < x 5 = x 6 < x 7 and there is a complex conjugate couple about whose real and imaginary part the MV gives no information.
Define the length (resp. the multiplicity surplus) of a MV [r 1 , r 2 , . . . , r s ] as the integer l = r 1 + . . . + r s (resp. r = s j=1 (r j − 1) = l − s). The number of complex conjugate couples of roots of P (counted with the multiplicities) equals (n − l)/2.
Stratify the space R n ∼ = {(a 1 , . . . , a n )|a i ∈ R} -each MV with multiplicity surplus r defines a stratum of codimension r. The aim of the present paper is to prove the following Theorem 2 A stratum of codimension r is a smooth real contractible algebraic variety of dimension n − r. It is the graph of a smooth r-dimensional vector-function defined on the projection of the stratum in Oa 1 . . . a n−r . The field of tangent spaces to the stratum is continuously extended to the strata belonging to its closure. The extension is everywhere transversal to the space Oa n−r+1 . . . a n .
Remarks 1 1) It is clear that if
The theorem generalizes Theorem 1.8 from [Ko] . The latter treats the case when P is hyperbolic, i.e. all roots are real.
Proof: 1 0 . Contractibility follows from the contractibility of the parameter space (the roots play the role of parameters and define the coefficients a i via the Vieta formulas). Further we prove some statements of the theorem not for the stratification of R n , the space of the coefficients a i = (−1) i σ i (where σ i is the i-th symmetric function of the roots of P counted with the multiplicities), but for the space of the Newton functions b i which are the sums of the i-th powers of the roots. The statements formulated for the two spaces (of the quantities a i or b i ) are equivalent because there exist polynomials q j , q * j such that
. . , a j−1 ) . 2 0 . Denote by (x 1 , . . . , x n−r ) the roots of P where the real roots are distinct while the complex ones might not be all distinct. The Jacobian matrix corresponding to the mapping (x 1 , . . . , x n−r ) → (b 1 , . . . , b n−r ) is obtained from the Vandermonde matrix W (x 1 , . . . , x n−r ) by multiplying the columns of the real roots by their respective multiplicities. Hence, if all complex roots are distinct, then the determinant J of the matrix W is nonzero and at such a point the mapping is a local diffeomorphism which means that the stratum is locally of dimension n − r. At such a point one can express the roots x i as smooth functions of (b 1 , . . . , b n−r ), and then express (b n−r+1 , . . . , b n ) as smooth functions of x i ; hence, as smooth functions of (b 1 , . . . , b n−r ).
3 0 . Prove the smoothness of the stratum regardless of whether the complex roots are all distinct or not. (We use the same ideas here as in [Me] , p. 52-53.) To this end set P = QR, Q = x 2k + c 1 x 2k−1 + . . . + c 2k , R = x n−2k + d 1 x n−2k−1 + . . . + d n−2k where all roots of Q are complex and all roots of R are real. The mapping (c 1 , . . . , c 2k , d 1 , . . . , d n−2k ) → (a 1 , . . . , a n ) (where c i , d j are regarded as free parameters) is a local diffeomorphism. Indeed, its Jacobian matrix is the Sylvester matrix of Q and R; the latter's determinant equals Res(Q, R) which is nonzero because Q and R have no root in common.
4 0 . The field of tangent spaces to the given stratum is continuously extended to the strata of lower dimension belonging to its closure and to the points where some complex roots coincide. The extension is everywhere transversal to the space Oa n−r+1 . . . a n .
The rest of the theorem follows from the statement. The latter implies in particular that even in a neighbourhood of a point of the stratum where some complex roots coincide, the stratum is locally the graph of a smooth r-dimensional function defined on the projection of the stratum in Oa 1 . . . a n−r , see 2 0 − 3 0 . 5 0 . To prove the statement from 4 0 compute the partial derivatives ∂b l /∂b s , l ≥ n − r + 1, s ≤ n − r bearing in mind that b j is the j-th Newton function of the roots x i . (We follow here the same ideas as the ones used in the proof of Theorem 1.8 from [Ko] .) Denote by m i the quantity equal to the multiplicity of x i if x i is a real root and to 1 if it is a complex one. One has
where w =det ∂b j /∂x ν = g q<v (x q − x v ), g = 0, and A s,i is the cofactor of the element ∂b s /∂x i in the matrix ∂b j /∂x ν . 6 0 . Put x µ = x ν in (1). Then for i = µ, ν one has A s,i = 0 (two proportional columns). Suppose first that the roots x µ , x ν are complex. Then one has m µ = m ν = 1 and m µ A s,µ + m ν A s,ν = A s,µ + A s,ν = 0 (to be checked directly). This means that the numerator of the right hand-side of (1) is 0 when x µ = x ν , i.e. it is representable in the form wh(x 1 , . . . , x n−r ) for some polynomial h. Hence,
If the roots x µ , x ν are real, then one again checks directly that m µ A s,µ + m ν A s,ν = 0 and again one has (2).
7 0 . The closure of the stratum can be defined by a continuous parametrization of the roots x i by some parameters z (one can choose as such parameters part of the variables b j ; in general, these variables are more than the parameters needed). By (2), the partial derivatives ∂b l /∂b s are bounded continuous functions of the parameters z. Hence, the limits of these partial derivatives exist on the closure of the stratum. This proves the statement.
The theorem is proved.
